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Solar Energy Transfer Through Semitransparent Plate Systems

Steven J. Mitts* and Theodore F. Smitht
The University of Iowa, Iowa City, Iowa

The objective of this study is to develop a model to examine the interaction of solar radiation with systems
consisting of semi-transparent plates. The embedding technique is developed so that the model considers both
beam and diffuse solar energy entering a system, as well as the conversion of beam to diffuse energy that may oc-
cur in some plates. The fraction of the incident radiant energy absorbed by each plate is determined as well as the
energy reflected and transmitted by the system. Results are presented to illustrate the absorptances for systems
composed of such devices as glass panes and slat-type shades.

Nomenclature
a = apparent solar absorptance
Ab,Abd,Ad =beam, beam-diffuse, and diffuse top-of-the-

stack absorptance
ANti - within-stack absorptance of plate / of N

plates
Ab =beam within-stack absorptance
C =slat spacing, m
Ibjd =beam and diffuse components of solar

energy, W/m2

/ = irradiation, W/m2

J =radiosity, W/m2

TV = number of plates
qa = within-stack absorbed energy, W/m2

r = apparent solar reflectance
Rb,Rbd,Rd =beam, beam-diffuse, and diffuse stack

reflectance
Rb =beam stack reflectance
t - apparent solar transmittance
Tb, Tbd, Td = beam, beam-diffuse, and diffuse top-of-the

stack transmittance
W =slat width, m
a* =slat solar absorptance
<t>b = solar beam angle, deg
\l/ =slat angle, deg

Subscripts
b,d =beam and diffuse
bb,bd,dd = beam-beam, beam-diffuse, and diffuse-

diffuse

Superscripts
' = apparent property for energy incident on

plate bottom
b,d =beam and diffuse

Introduction

T HE rising cost of building heating and cooling has in-
creased the interest in the development of more energy-

efficient building components, such as solar collector and win-
dow systems. These systems typically consist of plates with
low insulating values that allow significant amounts of ther-
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mal energy to escape. One method of increasing the insulating
value of these systems is to use multiple layers, such as several
plates of glass separated by a nearly stagnant airspace. To help
control the radiative heat transfer through the system, the
plates may be given special radiative properties by attaching
films with antireflection coatings, using low-emittance
coatings or grinding the surface so that the solar energy is
transmitted and reflected as diffuse energy. Another method,
as studied by Smith and Mitts,1 uses opaque slats to control
the solar energy and thermal radiative transfer through these
systems. The use of devices such as honeycombs or slats to
reduce the heat loss by convection between the plates has been
proposed.2 The convection suppression devices are highly
transparent layers that allow passage of solar energy and may
affect the thermal radiative heat transfer through the system.
To examine the performance of these systems, it is necessary
to determine the solar absorption of each plate as well as the
energy reflected and transmitted by the system.

When a system is partially transparent to radiation, the
radiative transfer through the system is important, particu-
larly when the system is exposed to a high-temperature source
such as the sun. Edwards3 presented the embedding method as
a means of calculating the absorption in each plate in a stack
of semitransparent plates over an opaque absorber. The
method is convenient to execute and is conducive to studying
the effects that changes of plate properties and locations have
on the system. Because of the desire to model systems that in-
clude shades, the method needs to be extended to account for
the transition of beam energy, as associated with the beam
component of solar energy, to a diffuse energy component.

The objective of this study is to develop a model to examine
the interaction of solar radiation with systems consisting of
semitransparent plates. The embedding technique is developed
so that it can model both beam and diffuse solar energy enter-
ing a system, as well as the change from beam to diffuse
energy that may occur in some plates. The fraction of the inci-
dent radiant energy absorbed by each plate is determined, as
well as the energy reflected back out of the system.

Embedding Technique
The embedding technique is developed based on the system

depicted in Fig. 1. This system consists of TV plates, which
together make up the system stack. The plates are parallel and
infinite in length and depth. The media between the plates are
assumed to be radiatively transparent with a refractive index
of unity. Solar energy incident on the top of the stack may
have both beam and diffuse components of Ib and Id, respec-
tively. At the top of each plate, the inward-directed radiant
fluxes are labeled 7, for the irradiation, and the outward-
directed fluxes are labeled Jj for the radiosity of each plate.
Each flux has both beam and diffuse components.
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Plate 1 is an opaque absorber, which provides a convenient
reference from which the embedding analysis can be started. A
solar collector generally includes an absorber plate as a
physical element of the system. When modeling a window
system, the room acts as the absorber, absorbing some of the
energy transmitted through the system and reflecting the re-
mainder back out the window. The remaining plates are
semi transparent. A plate has eight apparent radiative proper-
ties for radiant energy incident on either side of the plate. The
apparent properties1'4 are based on the surface properties and
assume that the reflections that occur at an interface between
different media are either specular or diffuse. There are three
possible transmittances, tbb, tbd, and tdd\ three possible reflec-
tances, rbb, rbd, and rdd\ and two absorptances, ab and ad. The
lowercase letters of a, r, and t denote apparent or overall
radiative properties of a plate. Subscripts b and d denote,
respectively, beam and diffuse energy. For the double-
subscripted properties, the first subscript indicates the form of
energy that is incident on the plate, and the second subscript
refers to the form the energy has when it leaves the plate. As
an example, rbd is the quantity of a beam energy that is inci-
dent on a plate and reflected back as diffuse energy. For ab-
sorptances, only a single subscript denoting the form of the in-
cident energy is used. A prime superscript is used to designate
the properties for energy incident on the bottom surface. For
diffuse energy, the transmittances for the top and bottom sur-
faces are equal, i.e., tdd-t'dd. Therefore, each plate has 15
radiative properties that satisfy energy conservation
statements for both beam and diffuse components.

The embedding technique begins from the absorber, in-
creasing the size of the stack one plate at a time. As each plate
is added, the embedding properties of stack reflectance, top-
of-the-stack transmittance, and top-of-the-stack absorptance
are calculated. The beam stack reflectance Rb, where upper-
case letters refer to stack radiative properties, is the fraction of
beam solar energy incident on the stack that is reflected, tak-
ing into account all the specular reflections that occur
throughout the stack. Similarly, Rd is the diffuse stack reflec-
tance, and Rbd is the stack reflectance of beam energy that is
converted to diffuse. Top-of-the-stack transmittances 7*, T*,
and Tbd are the transmittances through the /th layer, taking
into account the multiple interactions of the radiant energy
with each layer. Similarly, top-of-the-stack absorptances Ab,
Ad, and Abd are also calculated. All plate and stack properties
are calculated for a single wavelength, angle of incidence, and
component of polarization of the beam and diffuse solar
energy where the directional dependence for diffuse properties
is not required. These dependencies are understood unless
otherwise noted.

Consider the /th plate in the stack of Fig. 1 , and assume that
the /+ 1 to N plates have not been added to the stack. The
plate has irradiations of 7f and If that are equal to the beam
and diffuse components of solar energy when the plate is on
the top of the stack, as it is now. Assume that /??„ l , R f d i , and
Rf_l have already been calculated. Concentrating on the ex-
change of energy beneath plate / and the equations due to
beam energy only, the radiosity is

Jl^Il.Rl, (1)

where the method for using Rf_ l should be noted. The irradia-
tion on plate / — I is

(2)

where the notation of (/) denotes the apparent property of
plate i. A similar pair of equations for the diffuse component
follows:

(3)

(4)

In these expressions, any changes of beam energy into diffuse
energy are accounted for by multiplying the beam energy by
R^i in Eq. (3) and tbd and rbd in Eq. (4).

Equations (1-4) are solved for each of the four fluxes in
terms of the irradiations, the properties of the individual
plates, and the stack reflectances. Equations (1) and (2) are
solved to yield

(5)

(6)

where the beam component of the top-of-the-stack transmit-
tance is defined as

(7)

The top-of-the-stack transmittance for plate / is the fraction of
the solar energy component that is transmitted through the
plate and is incident on plate /-I , taking into account the in-
teraction the energy has with each plate in the stack. Equa-
tions (3) and (4) are solved simultaneously, and Eqs. (5) and
(6) are substituted to yield

(8)

(9)

where the diffuse component of the top-of-the-stack transmit-
tance Tf is obtained from Eq. (7) with b's replaced by cPs. The
diffuse radiosity in Eq. (8) and the diffuse irradiation in Eq.
(9) are both written as the sum of two components, where the
first component is multiplied by the beam irradiation 7f and
the second is multiplied by the diffuse irradiation If. Thus,

/f-1 = (10)

(11)

where, in both equations, the forward subscripts b and d in-
dicate the component multiplied by beam and diffuse irradia-
tion, respectively.
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Fig. 1 Schematic diagram of embedded plates.
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Expressions for the radiosities for plate / are as follows:

(12)

(13)

When Eqs. (5) and (8) are substituted, these expressions can be
rearranged to yield

(14)

?R?_ltdd(i)] (15)

Similar to the diffuse expressions in Eqs. (8) and (9), the dif-
fuse radiosity is rewritten as

J? = bJl + dJl (16)

The recurring properties in this analysis are the stack reflec-
tances derived from the radiosities leaving plate / normalized
by the corresponding irradiation. The expression for the beam
stack reflectance is given by

(17)

The diffuse stack reflectance is obtained from Eq. (17) by
substituting dJd for Jf and the sub- and superscripts d for the
sub- and superscripts b. The beam-diffuse stack reflectance is
similar to the beam-diffuse reflectance in that they both ac-
count for the conversion of beam irradiation into diffuse
energy. The beam-diffuse stack reflectance is given by the
ratio of the b component of the diffuse radiosity from Eq. (16)
normalized by the beam irradiation as follows:

(18)

The top-of-the-stack transmittances for the beam and dif-
fuse component were previously defined in terms of the plate
properties. In terms of the irradiations on plates i and /-I ,
these are given as

7? =//>_!//?; Tf^ (19)

The beam-diffuse top-of-the-stack transmittance is similar to
the beam-diffuse transmittance in that they both account for
the conversion of beam irradiation into diffuse irradiation and
is given by the component of diffuse irradiation on plate / - I ,
bld_!, from Eq. (11) normalized by the beam solar energy.

TfRf- irbd(i)Rf- i}ad(/)/[! - rdd(i)Rf-1

The diffuse component is obtained by substituting dJf_ l from
Eq. (10) for Jf_l and the "d" sub- and superscripts for the
"b" sub- and superscripts in Eq. (21). The beam-diffuse top-
of-the-stack absorptance is the absorbed beam-diffuse radiosi-
ty from Eq. (10) normalized by the beam solar energy and is
given by

(22)

Because radiant energy is absorbed only on the bottom surface
for the beam-diffuse component, it has a value of zero for
plate 1 since this plate is opaque.

Once all of the stack properties have been calculated, the
three components of the within-stack absorptance are cal-
culated for each plate. The within-stack absorptance AN>i is
the fraction of incident solar energy absorbed by the rth plate
in a stack of N plates. For the top plate in the stack, the
within-stack absorptance is simply the top-of-the-stack ab-
sorptance. Below the top plate, the energy available to be ab-
sorbed is reduced because not all of the solar energy incident
on the system is transmitted through each plate. To determine
the within-stack absorptance in these plates, the irradiation on
plate i is determined by multiplying the solar energy compo-
nent by the top-of-the-stack transmittances of plates TV to
/ +1. This reduced irradiation is multiplied by the top-of-the-
stack absorptance of plate / to obtain the within-stack absorp-
tance for the beam component as follows:

N> n
j = i+\

(23)

The beam-diffuse within-stack absorptance is obtained by
substituting the superscript bd for the superscript b on the A
and A terms in Eq. (23). The beam top-of-the-stack transmit-
tance is used in the expression for the beam-diffuse within-
stack absorptance, even though this expression accounts for
the absorption of diffuse energy. This is because the energy is
not converted to diffuse energy until it strikes plate /- 1 and
leaves as radiosity ^,/f_i, therefore, the energy must be
transmitted through plate / as beam energy. The beam energy
is converted to diffuse energy in the beam-diffuse within-stack
absorptance by the beam-diffuse top-of-the-stack absorptance
term.

It is instructive to illustrate the diffuse within-stack absorp-
tance by first introducing the diffuse within-stack absorbed
energy as follows:

£ [(n= i + i L V A - = I + I

+Af (24)

(20)

The top-of-the stack absorptance is the absorbed solar
energy plus the absorbed radiosity from the bottom normal-
ized by the incident solar energy. The beam component of the
top-of-the-stack absorptances is expressed as

(21)

The first component accounts for the beam solar energy that is
absorbed by plate / after being transmitted as beam energy
down to plate y + 1, converted to diffuse energy at plate y, and
transmitted as diffuse energy from plate j - 1 to plate / + 1 .
The second component accounts for the diffuse solar energy
incident on the system that is transmitted diffusely to plate /
and absorbed. In the first component of Eq. (24), there are
two special cases to consider. Wheny = / + l , there is no 7^
term, which means that the beam energy is converted to dif-
fuse energy at plate i + 1 directly above the /th plate. Similarly,
wheny = N, there is no 7f term, meaning that the beam energy
is converted to diffuse energy at the top plate of the stack.
Under either of these conditions, the respective multiplication
products, II 7^ or n 7f, are set equal to unity. Equation (24) is
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described as the sum of the beam-diffuse within-stack ab-
sorbed energy and the diffuse-diffuse within-stack absorbed
energy and is written as

(25)

The diffuse within-stack aborptance is the sum of the two
components; the first component is bqd

ti normalized by Ib,
and the second component is dqd

Qji normalized by Id. Thus,

Ad • = Ad + Ad (26)

Conservation of energy for the stack requires that the sum
of the absorbed energy within each plate and energy leaving
the top plate is equal to the solar energy incident upon the
system. Therefore, the conservation of energy for the beam
solar energy is

d
N>i + Aft, ) (27a)

and the corresponding equation for the diffuse component of
solar energy is

(27b)

Equation (27) then provides a check regarding the accuracy of
the results from the embedding analysis.

Results and Discussion
The transfer of beam energy through a double glass plate

system with a shade demonstrates the capabilities of the
embedding technique because beam solar energy is converted
to diffuse energy when it interacts with the shade. Results for
the transfer of beam solar energy through a window system
consisting of three combinations of two glass panes and a
shade system are examined. The window system is modeled on
top of a diffusely reflecting absorber plate, representing the
room interior, that has beam and diffuse absorptances of 0.9.
The specularly reflecting glass plates have indices of refraction
of 1 .5, absorption coefficients of 0.299 cm~ * , and thicknesses
of 0.317 cm. The glass and shade properties were determined
using the methods described elsewhere,1'4 where, for the
shade, a slat width to spacing ratio ( W/C) of 1.2 is used.

Results are presented for the window system components in
three combinations, namely shade-glass-glass (SGG), glass-
shade-glass (GSG), and glass-glass-shade (GGS). The first
component is the inside of the window, farthest away from the
solar energy source, and the last component is the exterior
component, nearest the incident solar energy. Stack reflec-
tance Rb and within-stack absorptance Af are the sums of the
respective components due to Jbeam _solar energy, i.e.,

* = Rb + Rbd and
_

f = Abi + Ab
t
d + a/if. These values are

plotted vs beam angle 4>b. The stack reflectance and within-
stack absorptances, due to diffuse solar energy are indepen-
dent of beam angle. The results for beam and diffuse solar
energy are dependent on the apparent radiative properties of
the shade system, particularly at near-normal angles of in-
cidence where the glass plates are highly transparent. In some
positions of the shade slat angle and solar beam position, a

Table 1 Diffuse stack properties

Configuration

SGG
GSG
GGS
GSG

¥, deg
0
0
0

60

Rd

0.2314
0.2630
0.1729
0.3219

X
0.2603
0.2616
0.2637
0.1281

X
0.3539
0.2685
0.4662
0.4044

partial beam component that is not the same width as the inci-
dent beam is transmitted by the shade system. When a glass
plate is behind the shade, this partial beam experiences
specular reflection from the glass plate, and the specularly
reflected partial beam then interacts with the shade. The shade
model1 allows for full beams only. Thus, to account for the
energy content of the partial beam, the partial beam is treated
as a full beam. This is plausible in view of the low reflectance
for near-normal incidence for the glass plate. When larger in-
cident beam angles are encountered, the partial beam is
generally zero as a result of the shade beam-beam transmit-
tance being zero.

30 60
BEAM ANGLE, DEG

Fig. 2 Embedding properties of a GSG window system.

30 60
BEAM ANGLE, DEG

Fig. 3 Effect of shade location in a three-plate window system.
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30 60
BEAM ANGLE, DEG

Fig. 4 Effect of slat angle on stack properties.

Results are shown for a window system where the shade has
slat solar absorptances of 0^ = 0$ = 0.5 and a slat angle of
^ = 0 deg corresponding to the fully opened position. The
GSG configuration was chosen to show the trends of the
within-stack absorptance of each system component and the
stack reflectance. Results shown in Fig. 2 are applicable to
either positive or negative beam angles. A beam angle of zero
implies that the beam component is normal to the window
system. The energy absorbed by the room interior is plotted as
the within-stack absorptance of plateJ, A\ and the energy ab-
sorbed by each plate is labeled A%, A\, and A%. In this case,
A\ is for the shade and A% and A\ are for the interior and ex-
terior glass plates, respectively. At normal incidence, the
beam-beam transmittance of the shade is unity, and maximum
energy is transmitted to the room interior, resulting in a large
value for A\. The within-stack absorptance of the shade is not
zero due to the energy diffusely reflected from plate 1. For
angles of incidence less than 40 deg, the stack properties are
governed by the apparent properties of the shade. At these
angles, the beam-beam transmittance of the shade is decreas-
ing, whereas the apparent absorptance of the shade increases,
resulting in less energy transmitted to the room interior and
absorbed by plate 1. The discontinuity in the curves at <t>b = 40
deg is where the shade beam-beam transmittance goes to zero
and the shade properties become slightly less responsive to
changes in the beam angle. As the beam angle increases past 60
deg, the reflectance of the exterior glass plate increases, caus-
ing the stack reflectance to increase and the within-stack ab-
sorptances to decrease. The within-stack absorptances of the
two glass plates are also shown in Fig. 2. They are relatively
small and do not vary greatly as a function of beam angle.
Since they are typical of the other glass plate within-stack ab-
sorptances, they are not included in subsequent plots.

The influence of the location of the shade in the window
system is shown in Fig. 3, where the shade used to produce the
results of Fig. 2 has been examined in each of the three loca-
tions. The stack reflectance and the within-stack absorptances
of the room interior and of the shade are plotted as a function
of beam angle. Because the location of the shade is not the
same in each plot, the shade within-stack absorptance is la-
beled as Ab, where the subscript s denotes the shade. Com-
parison of the results from the three configurations shows that
for all beam angles, the within-stack absorptances of the room
interiors are, with a single exception, nearly identical. This in-
dicates that, for this shade configuration, regardless of the
order of these components, the fraction of incident energy ab-
sorbed by the room interior remains nearly constant. The ex-

ception is in the GGS configuration, where Ab does not go to
zero at <t>b = 90 deg, as do the Ab

s curves for the GSG and SGG
configurations. In the latter two configurations, the stack
reflectance goes to unity at (j>b = 90 deg because a glass plate is
positioned on the exterior, and its reflectance goes to unity at
this angle. In contrast, the GGS configuration has the shade
on the exterior, which allows some beam-diffuse transmit-
tance, thereby providing energy to be absorbed by interior
plates even at large angles of incidence.

The within-stack absorptances of the shade are not the same
in the different configurations. At </>^ = 0 deg, the shade
within-stack absorptance is approximately 0.04 for all three
configurations, but for 0<</>6 <40 deg, each Ab increases to a
different maximum at (/>b = 40 deg, where ^4^ = 0.67,0.56, and
0.46, respectively, for the GGS, GSG, and SGG cases. Hence,
the shade absorbs less energy as the number of glass plates be-
tween the shade and beam source increases. For the two con-
figurations in which the stack reflectances go to unity at
4>b = 90 deg, the shade within-stack absorptance goes to zero.
In the GGS configuration, Ab remains nearly constant for
40 < c/)b < 90 deg, and the shape of the Ab plot is similar to that
of the shade beam absorptance.1

An example of the embedding results for a window system
with a slat angle not equal to zero is shown in Fig. 4. The same
GSG configuration in Fig. 2 is used, but ^ = 60 deg. At
<t>b = - 60 deg, the solar beam component is parallel to the
slats. These results are not symmetric about <^ = 0 deg,
therefore, results are plotted for positive and negative beam
angles. Consider first the results for <t>b>0 deg. For all
positive beam angles, the apparent shade property of beam-
beam transmittance is zero and there are no discontinuities in
the embedding curves. Comparison of the results to Fig. 2
shows that the stack reflectance is consistently larger for
^ = 60 deg, and the absorber within-stack absorptance is con-
sistently smaller. These trends can be attributed to the smaller
apparent transmittance and larger apparent absorptance of
the shade at ^ = 60 deg. The within-stack absorptance of the
shade is maximum at </>6 = 0 deg, where maximum slat surface
area is exposed to beam solar energy. As <t>b is increased, the
slat area exposed is decreased, as well as Ab. When the beam
angle goes above 60 deg, Ab decreases more rapidly, due to the
increase in stack reflectance caused by the reflectance of the
exterior glass plate.

When </>£<0 deg, discontinuities exist in the curves of the
embedding properties. At 4>b= ~60 deg, A\ reaches a max-
imum and Af is at a minimum. These limits occur when the
beam-beam transmittance of the shade is unity. Similar limits
occurred when ^ = 0 deg at <t>b = 0 deg, but the limits for the
V = 60-deg case are less extreme, due to the increased reflec-
tion from the glass plates. For <j>b<- 60, Ab begins to increase
as the shade beam-beam transmittance decreases, however, at
4>b = - 75 deg, the shade within-stack absorptance begins to
decrease again when the stack reflectance begins to approach
unity at <t>b = - 90 deg. If the slat angle is - 60 deg, the results
in Fig. 4 would still be applicable, but the curves for positive
and negative beam angles would be interchanged. For a system
with slats at other angles, the results are similar to those
displayed in Fig. 4. At ̂  = 90 deg, A\ is zero and Ab and Rb

are nearly constant for 0<0 f t<45, acquiring values near the
slat solar absorptance and reflectance, respectively. At large
beam angles, the reflectance of the glass begins to dominate
and the stack reflectance goes to unity, and Ab goes to zero as
(t>b goes to 90 deg. In general, the window system results show
that for beam angles less than 60 deg, the solar energy
reflected, absorbed, and transmitted by such a system is highly
dependent on the apparent properties of the shade. As the
beam angle approaches 90 deg, the energy transfer is domi-
nated by the plate on the exterior of the configuration.

The results for diffuse solar energy are shown in Table 1 for
the three window configurations. Moving the shade net to the
absorber yields maximum stack reflectance and minimum
shade within-stack absorptance. When the shade is on the ex-
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terior, nearest to the solar energy source, the stack reflectance
is small and the shade within-stack absorptance is large. For
all three shade locations, the absorber within-stack absorp-
tances are nearly identical, the difference caused by energy
reflected by the absorber and rereflected back to the absorber
in different magnitudes. When the slat solar absorptances are
varied, the shade within-stack absorptance increases when the
apparent absorptance increases and the stack reflectance and
absorber within-stack absorptance decrease. The opposite oc-
curs when the apparent absorptance of the shade is decreased.
As discussed earlier, increasing the shade angle increases the
apparent absorptance and reflectance, and decreases the ap-
parent transmittance. This results in the large values of shade
within-stack absorptance and stack reflectance and small ab-
sorber within-stack absorptance. The results for diffuse solar
energy show that the embedding results are also dependent on
the apparent properties of the shade.

Conclusions
A model has been developed to study the transfer of solar

energy through systems consisting of semitransparent parallel
plates. The embedding technique was extended to model both
beam and diffuse components of solar energy, as well as to ac-
count for the possible change from beam energy to diffuse
energy. The embedding method yields the within-stack ab-
sorptance that gives the fraction of incident solar energy ab-
sorbed by each plate and the stack reflectance. The stack

transmittance is determined by calculating the energy ab-
sorbed by a black absorber plate. The embedding results in-
dicate that the arrangement of nonidentical plates can affect
the quantities of solar energy absorbed, reflected, and
transmitted by the system. Further embedding results for
specific window systems with shades show a dependence on
the shade apparent properties at low beam angles and on the
properties of the exterior plate at large beam angles. The
embedding technique provides a convenient method for
modeling the transfer of solar energy in systems such as win-
dows and flat-plate solar collectors and is conducive to com-
paring numerous permutations of a system or several unique
systems.
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